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[1] The power spectrum of relative sea level change has been estimated over more than 15 orders of
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agnitude in frequency, from a frequency of 1/(591 Ma) to a frequency of 1/(5 s). Although there are still

egions of the spectrum where data sampling and duration do not allow the power to be calculated, most

otably between periods of 100–1000 years, the general shape of the spectrum is that in which the power

epends on the square of the reciprocal frequency, apart from periods between 1 and 100 years where the

ower spectrum falls off less steeply with increasing frequency. A spectrum in which power depends on

eciprocal frequency squared is the same spectrum as that calculated from a random walk signal of finite

ength. There are some causes that have defined frequencies, such as those associated with tides and the

ilankovitch cycles of the ice ages, but there is also a continuum of relative sea level change that requires

ther causes. The implications of this are discussed in the light of global change and heating of the

ithosphere from the bottom.
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. Introduction

2] Sea level change is important in many fields.

ver geological time, it can affect continental

rosion and sediment deposition on the continental

helf. It can also control how much sediment is lost

ver the shelf break to the surrounding ocean

asins. From a geological perspective the important

imescale of sea level change is thousands of years

nd longer. Sea level variation on a shorter time-

cale is important from a human perspective as a

ossible factor in anthropogenic global change. It is

ell known that relative sea level is rising today

and many people assume that this is due to anthro-

pogenically produced global warming [Baltuck et

al., 1996]. However, it is possible that the changes

seen over the recent past in tide gauge records are

part of the natural signal. It is therefore important to

understand as much as possible about the natural

variations in sea level so that informed decisions

may be made about the possibility of future human

induced changes.

[3] Agnew [1992] has discussed the power spectra

of several different types of signal. In particular, he

has calculated the spectrum of sea level change for
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Honolulu over more than eight decades of fre-

quency, from 10�9 Hz to 2 � 10�1 Hz. This is

equivalent to periods between 5 s and 32 years.

Over much of this range of periods or frequencies

the power is related to the frequency with a spectral

index of �2 (b = 2 [�spectral index] according to

Turcotte [1997]). In other words, if the log of

power is plotted against the log of frequency, the

slope is �2. Peaks appear on this continuum

spectrum at tidal periods (semidiurnal, diurnal,

etc.) and also at monthly and semimonthly periods

(also representing tides). At the high frequency end

of the spectrum, there is a strong and broad peak

centered on a period of 10 s, which represents wave

action. There is also some enhanced power at

periods of about an hour. At the long period end

of the signal the spectrum flattens out (between

periods of 32 years and�6 years. Agnew’s Figure 4

shows the spectrum as 10 � log10P (where P is the

power in m2/Hz) plotted against the logarithm of

frequency in Hz.

[4] In another paper I discussed the power spec-

trum over longer periods [Harrison, 1988]. The

power was expressed as log10P where P is power

in m2/cpmy (cycles per million years) plotted

against log10(frequency in cpmy). The shortest

period for which I presented data was 10 years or

a frequency of 3.17 � 10�9 Hz. The longest period

for which there were data was 200 my. Thus if this

spectrum is combined with that of Agnew [1992]

the frequency range spans close to 15 orders of

magnitude. The spectrum by Harrison [1988] also

had a spectral index of �2. The top left-hand

corner of Agnew’s [1992] plot has coordinates of

106m2/Hz and 10�9 Hz. These translate into 3.17 �
10�8m2/cpmy and 31,558 cpmy, allowing the two

power spectra to be joined.

[5] Factors controlling changes of sea level change

seen today are discussed at some length in Church

et al. [2001]. The factors causing the largest

changes are thermal expansion of ocean water,

changes in volume of glaciers and ice caps includ-

ing Greenland and Antarctica, and terrestrial stor-

age. Some of these causes, and all other possible

causes, have errors that are larger than the possible

effect.

2. Data for the Sea Level Spectrum

[6] In this section, the two spectra will be joined

together, and additional data will be added in the

middle of the frequency range so as to fill in some

of the gaps that were present in Harrison’s [1988]

generalized spectrum. At the high frequency end of

the spectrum the data came from bottom pressure

gauges and tide gauges. At the low frequency end

of the spectrum, the data came from geological

information of various types. There was a signifi-

cant range of periods where no data were available.

Beginning with the smallest frequencies the indi-

vidual spectral estimates will be discussed in more

detail.

[7] The record for the longest periods (first entry in

Table 1) is from a study of the amount of con-

tinental area flooded by marine waters as a function

of time. The area so flooded records the relative

variation in continental elevation with respect to the

ocean surface. The area flooded is transformed into

a relative sea level change by use of the hypso-

graphic curve. This relative sea level fluctuates

with time because of epeirogenic movements,

ocean volume variations, and other effects [Bond,

1979; Harrison et al., 1981; Harrison, 1988].

Ocean volume variations are eustatic and affect

Table 1. Sea Level Power Spectrum Estimates

Data
Sourcea

Period range,
a

Frequency Range,
c/a

Frequency Band Width,
c/a

Total Power,
m2

Power per Unit Band
Width, m2/(c/a)

1 (4 to 20) � 107 (0.5 to 2.5) � 10�8 200 � 10�10 4194 2.10 � 1011

2 (1 to 50) � 106 (0.02 to 1) � 10�6 98 � 10�8 5000 5.10 � 109

3 (0.2 to 1) � 106 (1 to 5) � 10�6 40 � 10�7 757 1.89 � 108

4 (1 to 8) � 103 (1.25 to 10) � 10�4 875 � 10�6 8.41 9.61 � 103

5 102 to 104 (1 to 100) � 10�4 99 � 10�4 2 2.02 � 102

a
1, Continental flooding; 2, oscillations of the western interior seaway; 3, Florida raised beaches; 4, Pacific sea level; 5, postglacial SL variations.
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all continents equally. Epeirogenic movements,

however, affect individual continents or portions

of continents. What these data represent is a com-

bination of both. The data points are spaced every

20 Ma, and the length of each record is 200 Ma,

giving the period and frequency bands shown in

Table 1. Since the areas of flooding are measured

on a continental scale, it can be assumed that higher

frequency fluctuations, which will cover smaller

areas, will be largely averaged out in these records

of flooding area. This preliminary result has been

expanded by doing power spectra for each con-

tinent and averaging the power from all continents

at each frequency, giving the cluster of five square

points shown in the top left hand corner of Figure 1.

This average spectrum has a slope of �2.0 but with

a large error because of scatter, the small number of

points in the spectrum (5) giving a limited fre-

quency range of a factor of 5.

[8] The data point for the next longest period in

Table 1 is obtained from oscillations of sea water

seen in the Western Interior Seaway [Kauffman,

1969], for which the data length is 50 Ma and each

data point is spaced every 500 ka. This is a shallow

water seaway covering parts of western North

America that waxed and waned during the Jurassic

and Cretaceous [Barron et al., 1981]. Sea level

fluctuations in the Western Interior Seaway are

almost certainly not eustatic but epeirogenic [Har-

rison, 1985]. The third longest periodicity is

obtained from a study of raised beaches in Florida,

which record the uplift of the peninsula over the

past 1 Ma, allowing the high stands of sea level of

the interglacial periods to be recorded at different

levels as time passes by. Data points occur every

100 ka. This signal is almost certainly an epeiro-

genic signal, relevant only to the Florida peninsula.

Further details about these three data points are

given by Harrison [1988].

[9] Grossman and Fletcher [1998] have produced

a sea level curve for Oahu for the past 8000 years,

showing a high stand of sea level 3 ka ago of

almost 2 m. Analysis of this curve, assuming that

the minimum frequency was 0.125 ka and the

maximum frequency was 1 ka produced a total

power of 8.41 m2. This is entry 4 in Table 1 and has

been added to Figure 1 but is almost entirely

obscured by the high frequency portion of the

SPECMAP spectrum. H. R. Wanless (personal

communication, 2000) has suggested that over the

past 10,000 years, the record of sea level as seen in

sedimentary material available by coring on the

continental shelves is equivalent to a sea level

variation with an amplitude of about 2 m. The total

power in this frequency range is then 2 m2. This

data point has been put into Table 1 (entry 5) and

onto Figure 1.

[10] Part of the gap in the results presented by

Harrison [1988] has been filled in by a sea level

spectrum calculated from sedimentary sequences

recorded in seismic profiles measured over the

continental margin off the Spanish coast by Her-

nandez-Molina et al. [1994]. This record is 24,000

years long and extends to periods of less than 500

years, governed by the spacing of the data points in

the record that was subjected to Fourier analysis.

The power spectrum from this sequence strati-

graphic record is shown in Figure 1. The spectral

index of the record is about �1, but the record is

relatively short so that the error in this slope

estimate is quite large. The best fitting straight line

through the spectrum is shown in Figure 1. The

datum for the longest period was not available, so

that the longest period plotted is 12,000 years. The

data were read from a plot of linear power plotted

against linear frequency. Power at very high fre-

quency plotted close to the abscissa, rendering it

difficult to read numbers close to, but not, zero,

probably resulting in artificially high values of

power for the high frequency end of this spectrum,

and an unrealistically small value of b.

[11] A much longer record of sea level change

covering a different part of the frequency spectrum

but also derived from sedimentary sequences on

continental margins is the Exxon/Haq sea level

curve extending back 591 Ma [Haq et al., 1987].

This sea level curve is illustrated in Figure 2 and

consists of data points spaced every 0.1 Ma. The

spectrum from this sea level record is shown in

Figure 3, and it can be seen that the low frequency

part of the spectrum has a slope of about �1.7,

represented by the thick red line, whereas the higher

frequency end of the spectrum as a slope of �2.3,

shown by the thick blue line, the separation being
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Figure 1. Power spectrum of sea level change. The five pink points and connecting line at the lowest frequencies are
from Table 1 and are shown with horizontal bars indicated the frequency ranges of the signals. The information in the
topmost of these data points has been reanalyzed and the average spectrum derived from six continental flooding
estimates is shown by the five twilight blue squares. The two thick red and blue lines at the top left of the graph show
the spectra (described more fully in Figure 3) for the Exxon/Haq sea level curve (Figure 2). The wiggly forest green
line plus its best fitting straight line (shown separately in Figure 4) between periods of �780 ka and 2000 years is a
sea level signal calculated from the SPECMAP time series by assuming that the oxygen isotopic variation from the
present day to the last glacial maximum was equivalent to a sea level change of 120 m. Spectral peaks can be seen at
100, 41, 23, and 19 ka, representing Milankovitch signals. There is also a broad prominent peak at 60 ka. The shorter
ruby red line plus its best fitting straight line between periods of 12 ka and 500 years is from seismic records of a
sedimentary sequence observed over a continental margin. The Seattle sea level curve spectrum from monthly mean
tide gauge records, representing periods between 94 years and 2 months is shown, with its best fitting line, in blue. An
annual and a semi-annual peak can be seen, but there is no sign of the 14-month pole tide. An hourly tide gauge
record for Crescent City (of length 59 days) plus its best fitting line is shown in deep navy blue, representing periods
between 6.2 and 4383 cpy. The double peak at the lower frequency shows the luni-solar and principal solar diurnal
tides. The triple peak at the higher frequency shows the principal lunar and solar, and the larger lunar elliptical
semidiurnal tides. The thick red line at the highest frequencies is from Agnew [1992] and shows the power in ocean
waves with a peak at a period of �10 s and a symbolic peak at the semidiurnal tidal period. The line from Agnew lies
directly over the spectrum for the Seattle tide gauge record. There is also the power spectrum from a record of oxygen
isotopes in sclerosponges, which has been shifted vertically so that its power level is consistent with the data at lower
and higher frequencies, plus its best fitting line, in avocado green. The red straight line running diagonally through the
graph is a line with a slope of �1/f 2 (i.e., log(P) = �4 �2log( f ) or p = 10�4/f 2), for the sake of comparison. The thin
black line is parallel to and offset from this line by 2 orders of magnitude in power.
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made at a frequency of 0.1 cpmy. This plot uses a

timescale of Ma rather than the 1 year scale of

Figure 1. After transforming the units, the red and

blue lines are also plotted on Figure 1 in the upper

left-hand corner. The agreement with the other data

is quite good, especially when it is realized that the

Exxon/Haq sea level curve is supposed to be

eustatic, having had epeirogenic continental move-

ments removed. Therefore it would be expected to

have somewhat lower power than the other records

at the low frequency end, which come from

relative sea level measurements. However, some

people [e.g., Sloss, 1991] believe that there is still

a large tectonic component in this sea level curve.

The sea level record was divided into four equal

segments and the average power from the seg-

ments was calculated to see if there was any sign

of a periodicity with significantly enhanced power

over the average. The average spectrum below a

frequency of 0.2 cpmy was extremely smooth.

There was, however, some slight indication of

enhanced power at a frequency of 1 cpmy, which

can also be detected in the signal spectrum shown

in Figure 3.

[12] The other spectrum which overlaps this result

from the continental margins comes from a com-

pletely different data set, the SPECMAP record of

oxygen isotopes derived from pelagic foraminifera

[Imbrie et al., 1984]. This spectrum is shown

separately in Figure 4 as well as on Figure 1. The

SPECMAP data consist of oxygen isotopic compo-

sitions of pelagic foraminifera, expressed in units

of standard deviation, since the record is a stacked

compilation from a number of different cores and

the data from the cores were compared by normal-
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Figure 2. The Exxon/Haq sea level curve for the past 591 Ma. The data points are spaced every 0.1 Ma. Times of
low sea level (except for today) are thought to be correlated with supercontinent formation such as Pangea at � 300
mybp and Pannotia or Rodinia in the pre-Cambrian.
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izing by the standard deviations of the oxygen

isotopic variation in each individual core. The

SPECMAP time series has a data point every

1000 years for the past 782,000 years. The spectral

index of the whole spectrum is close to �2.0, and

the largest peak to be seen at the low frequency end

of the spectrum has a period of 98 ka, representing

the response of Earth to the Milankovitch perio-

dicity associated with orbital eccentricity variations

or another of the several mechanisms that have

been advanced to explain this periodicity [e.g.,

Muller and MacDonald, 1997]. Peaks at 41, 23,

and 19 ka represent the other major peaks predicted

by the Milankovitch theory, and there is another

strong and broad peak at a period of 60 ka that may

be related to the weak 58 ka eccentricity signal of

the Milankovitch theory. In order to obtain a sea

level record from the oxygen isotope record, it was

assumed that sea level is linearly related to the

oxygen isotopic composition of the foraminifera,

which can either reflect ocean surface temperature

or the changing isotopic composition of sea water

due to waxing and waning of continental ice sheets,

or some combination of these two end member

models. The coefficient that relates the oxygen

isotopic signal to sea level is the observed change

in sea level on going from the present day to the

last glacial maximum, when sea level was 120 m

lower than today [Bard et al., 1990]. No assump-

tion has been made about how much of the oxygen

isotopic signal (which in any case is expressed in

terms of standard deviation and not per mil varia-

tions) is caused by temperature and how much by

ice storage of isotopically light fresh water. The sea

level change between the last glacial maximum and

today is established independently of the oxygen

isotopic variations. The flattening of the spectrum

at high frequencies (Figure 4) may be due to white
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Figure 3. Power spectrum of Exxon/Haq sea level curve (Figure 2). Maximum period is 591 Ma, and minimum
period is 0.2 Ma. The equations of the two straight red and blue lines drawn through the data are shown. The
separation between the data used to calculate these lines is at a frequency of 0.1/Ma. The abscissa has units of cycles
per million years, and the ordinate has units of meters2 per cycle per million years.
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noise entering the signal, a likely event because the

power at the high frequency end of the spectrum is

very low compared with the 98 ka signal.

[13] Aliasing can always present problems when

performing Fourier analysis on finite records of

discrete time series. However, this problem is not

severe if the natural spectrum has a large negative

slope [Wunsch, 1972]. Figure 5, derived from for-

mulae byWunsch [1972], shows the change that can

be produced in a power spectrum due to aliasing.

The original spectrum, shown as a straight line, is a

spectrum in which the power falls off as 1/f 2. The

data separation period is normalized at 1, giving a

Nyquist period of 2 (frequencies of 1 and 0.5,

respectively). The aliased spectrum is shown as

a curved line. The maximum difference is seen at

the Nyquist frequency, where the aliased power is

about a factor of 2.5 greater than the original

power. If the number of data used is greater than

50, then the straight line slope through the

aliased power spectrum is less than �1.85 (i.e.,

close to �2).

[14] At shorter periods (between 500 and 100

years), there is still a paucity of available data.

However, at �100 years or so, information from

tide gauges becomes available. In order to quantify

better the tide gauge information, I have used data

from Seattle, which consist of monthly mean sea

level measurements, taken over a time interval of

94 years, to add to Figure 1. This then gives an

estimate of the spectrum between periods of 2

months and 94 years. The power spectrum for the

Seattle tide gauge data lies directly over the spec-

trum presented by Agnew [1992] for the appropri-
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Figure 4. Power spectrum of the SPECMAP time series (detail from Figure 1). The six strongest peaks (neglecting
the fundamental) are identified. The sea level signal was established by assuming that the latest change in oxygen
isotopes (on going from the last ice age to the present interglacial) was equivalent to a sea level change of 120 m.
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ate periods (see Figure 1). In the spectrum an

annual and a semi-annual term are easily recogniz-

able. The pole tide does not produce a signal that is

distinguishable from the background. Some numer-

ical results from other long monthly mean tide

gauge records are shown in Table 2. As can be

seen, many of the tide gauge spectra have spectral

indices close to �0.5. Aliasing is unlikely to

produce a significant change in the slopes of the

power spectra for these records because the data are

monthly mean data that have averaged out almost

all of the variation with periods less than one

month. Part of the variance difference between

different tide gauge records may be due to the

differing record lengths. For instance Cuxhaven

and Den Helder are the two longest records and

have the greatest and third greatest variances. Long

records such as these will sample lower frequencies

that have greater power. Part of the variance differ-

ence is undoubtedly due also to the geographic

location of the stations.

0.01 0.10Ratio of frequency to
sampling frequency

10

100

1000

10000
P

o
w

er

110 Ratio of period to
Nyquist period

Shows the effect of aliasing for a
spectrum with a spectral index of -2
Blue line is the aliased spectrum

Figure 5. Power spectrum showing aliasing effect [Wunsch, 1972]. The sampling frequency is 1, and the Nyquist
frequency is 0.5 (periods are 1 and 2). Fifty frequencies are plotted going from 0.01 to 0.5. The random walk 1/f 2

spectrum is shown by the straight line, and the aliased spectrum is shown by the blue line. Provided that the length of
the record is much longer than the sampling period (i.e., many samples), aliasing does not have much effect.
Maximum effect is at the Nyquist frequency where the aliased power is �2.5 times the original power. At half the
Nyquist frequency the aliased power is only �20% larger than the real power.

Table 2. Power Spectrum of Monthly Tide Gauge
Records

Location Record Length,
Years

Total Variance,
m2

Spectral
Index

Boston 72 0.237 �0.59
Brest 83 0.575 �0.44
Cuxhaven 144 2.042 �0.17
Den Helder 130 0.877 �0.16
Dublin 57 1.023 �0.38
Honolulu 88 0.254 �0.14a

Key West 80 0.203 �0.63
Seattle 94 0.409 �0.59
Sydney 97 0.270 �0.56

a
Also a slope of �1.27 at higher frequency.
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[15] At the high frequency end of the scale, the

results from Agnew [1992] have been added. The

original spectrum has been lost, but the one pre-

sented in Figure 1 is the dashed approximation

shown by Agnew [1992] in his Figure 6. The tidal

components are not all present, but the largest, the

semi-diurnal tide, is represented by the symbolic

peak at the appropriate frequency. This peak is not

as large as the one shown in Agnew’s original

spectrum. The broad peak between periods of

1 min and 1 s is caused by wave motion.

[16] Also shown in Figure 1 is an example of a sea

level spectrum from a tide gauge where the normal

tidal signals are present. This is the hourly tide

gauge record from Crescent City, of length 59 days.

This spectrum, if expanded in scale, clearly shows

two separate diurnal tides and three separate semi-

diurnal tides. It has a slope considerably less than

�1 and lies above the generalized spectrum of

Agnew [1992]. Other hourly tide gauge records

show large variations in power level for this portion

of the spectrum so that the discrepancy between the

spectrum of Agnew and that given by the Crescent

City data just indicates this variation from one

place to another. Aliasing is also not likely to be

a problem with these records, which are composed

of hourly mean data, therefore having averaged out

periods smaller than an hour. The practice of using

stilling wells also damps out short period variations

from tide gauge records, especially those from

waves.

[17] Also plotted on Figure 1 is the data set of oxygen

isotopic composition of sclerosponges [Swart et al.,

1998, 2002], kindly given to me by Peter Swart.

The data are for the 18O composition of sponges

every other year or so going back to 1266. There

are 350 data between 1266 and 1989 giving an

average data span of 2.1 years. The spectral index

0 400 800 1200 1600 2000
Distance or Time

-40

-20

0
S

ig
n

al

Figure 6. Red top curve. A set of 2000 normally distributed numbers with zero mean and unit standard deviation
displaced five ordinate units upward (a white noise signal). Blue bottom curve. The serial sum of the top numbers (a
random walk signal).
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of the power spectrum from this data set is close to

�2. The level of the sea level signal was adjusted

so that the spectrum fit in with spectra on either

side. If the sea level variation is assumed to be

similar to that seen over longer periods, in which a

2 per mil change in the 18O composition is equiv-

alent to 120 m, the level of the spectrum is far too

great. In order to get the spectrum in its position as

shown in Figure 1 the signal then had to be divided

by 100. The main reason for showing the sclero-

sponge data is to demonstrate that at least one

signal which is climatically controlled has a spec-

tral index of �2 in the region of the gap in true sea

level data.

[18] Although there is still a gap in the power

spectrum, it has been closed significantly by use

of sedimentary sequence data and by information

on sea surface oxygen isotopic composition. These

two new data sets, despite coming from completely

different data types, agree very well in their overall

estimate of the signal power at the overlapping

Table 3. Power Spectrum Slope According to Different
Treatments

Data
Windowa

Best Fitting
Line Removed
from Data

Frequency
Distribution

Slope

Box Car No Uniform Log �1.80
Parzen No Uniform Log �1.82
Hanning No Uniform Log �1.81
Welch No Uniform Log �1.87
Box Car No Uniform Freq. �1.77
Box Carb Yes Uniform Log �1.61
Box Carb Yes Uniform Log �1.99

a
Press et al. [1986].

b
Removing a best fitting line before obtaining spectrum severely

reduces fundamental power. The last result omits fundamental power
and last two results are shown in Figure 7.

1E+0 1E+1 1E+2Frequency

1E-3

1E-2

1E-1

1E+0

1E+1

1E+2

P
ow

er

Box Car
Slopes are -1.61 and -1.99

Figure 7. Power spectra from Table 3, using the random walk signal shown in Figure 6. Powers for various
harmonic ranges are averaged and are plotted at the average harmonic value within each range. The left-hand point is
for the fundamental (harmonic 1), the second point is for harmonic 2, the third point is for harmonics 3 to 4, the fourth
point is for harmonics 5 to 8 etc. The red lines are best fitting lines through all points, and all but the fundamental,
which has low power because a best fitting line was removed from the signal before taking the spectrum.
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frequencies. It is a remarkable fact that the sea level

spectrum resembles a 1/f 2 spectrum throughout a

range of frequencies of �12 decades, apart from

the 0.2–100 a periods recorded by tide gauges.

3. Random Walk Spectra

[19] A spectrum that has a spectral index of �2 is

equivalent to the spectrum of a signal generated by

a random walk process. Wunsch [1992] has dis-

cussed some of the implications of a time series

that has a spectral index of �2. If a record of a

certain length is available (for instance, the temper-

ature at a land station) then some information is

available about fluctuations that are shorter or equal

in time to the length of the signal. If the signal is

increased in length (because more years of data are

added at the end), then if the signal has a 1/f 2 slope,

longer period signals will become observable, and

since these signals have greater amplitudes, they

will produce a variation which has not been seen

before. It is then very easy for scientists to point to

this variation and state that some new phenomenon

(anthropogenic?) must have caused the new signal.

In reality, it may just be normal processes causing

the signal to vary, in ways similar to a random walk

signal.

[20] As an example, Figure 6 shows a random walk

signal generated using a random number generator.

The top curve shows a white noise signal generated

using a set of 2000 random numbers drawn from a

Gaussian distribution with zero mean and unit

standard deviation. The lower curve shows the

result of serially summing these numbers to get a

random walk signal. The top curve has been dis-

placed upward five ordinate units for clarity. The

power spectrum of the white noise has a slope not

0 2000 4000 6000 8000 10000
Time or Distance

0

50

100

150

Normal Distribution
(+ 80 offset)

- 1 or + 1
(+ 20 offset)

Random numbers
between - 1 and + 1

Figure 8. Random walk signals. The black bottom line was generated from random numbers uniformly distributed
between �1 and +1. The middle red line (displaced 20 ordinate units for clarity) was generated from digits �1 and +1
chosen according to the sign of the numbers used to generate the bottom curve. The top blue curve (displaced 80
ordinate units for clarity) was generated from the same numbers used to generate the bottom curve but reorganized
into a zero mean unit standard deviation normal distribution.
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significantly different from zero. The slope of the

power spectrum of the random walk signal is close

to �2. The difference in slope between using a

boxcar, Hanning, Welch, and Parzen data window

is insignificant. Table 3 gives some results. Those

results marked with a ‘‘Uniform Log’’ frequency

distribution are done by obtaining average power

for approximately equal ranges of log(frequency).

The first and second numbers are for the funda-

mental and second harmonic. The third number is

the average of the third and fourth harmonics

plotted at frequency 3.5, the next is the average

of the fifth to eighth harmonics plotted at a fre-

quency of 6.5 etc. The uniform frequency result is

obtained by weighting all frequencies uniformly.

The results of the last two calculations in Table 3

are shown in Figure 7.

[21] Another way of looking at this phenomenon is

to realize that the variance of a random walk

spectrum is linearly related to the length of the

record [Agnew, 1992; Wunsch, 1992].

vn ¼ vwn:

In this equation vn is the variance of the random

walk signal which lasts n steps, and vw is the

variance of the white noise which when summed

gives the random walk signal. The mean square

value of the wander between one observation and

another one separated from it by a constant value of

time or distance is also dependent linearly on the

separation between the two measurements [Agnew,

1992]. Equation (1) shows that as the record

becomes longer, the data must go into new territory,

so as to increase the variance of the whole record.

0 2000 4000 6000 8000 10000
Number of Data used in Analysis

200

400

600

800

V
ar

ia
nc

e

[Random Numbers (-1 to +1)]X2

(-1 or +1)/2

Normal Distribution

Figure 9. True variance of signal according to the number of data used to generate the signal. The signals are shown
in Figure 6. The variance of the signal generated by �1 or +1 has been divided by 2, and the variance of the signal
generated by uniform numbers between �1 and +1 has been multiplied by 2 for comparison purposes. Best-fit straight
lines running through the origin are also shown.

(1)
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Figure 8 shows three random walk signals of

10,000 steps generated from the same set of

random numbers. For one signal the random

numbers were randomly distributed between �1

and +1. For the next signal, the numbers were

either �1 or +1, depending on the sign of the

original set. For the third signal the numbers were

transformed into a set of zero mean unit standard

deviation random numbers. The variance for each

random number signal is shown in Figure 9,

indicating a general but not very consistent rise in

variance as the signal length increases. If many

different random walk signals are calculated and

the variance for all records of the same length is

averaged, the rise of variance as a function of

record length is much more consistent (Figure 10).

[22] In Figure 1 there is still a gap in information at

periods greater than those recorded by tide gauges

(i.e., �100 years). However, judging from the

considerable array of data through other spectral

ranges shown in Figure 1, it seems likely that there

will be sources of sea level variation which start to

manifest themselves at periods greater than 100

years, and the slope of spectrum of these sea level

variations is likely to have a spectral index of about

�2, so that this portion of the spectrum will join

onto that seen in the SPECMAP data. Should such

a situation arise, then sudden changes in the rate of

sea level change may easily be caused by natural

phenomena, without having to call on special

processes, such as anthropogenic global warming.

Nonanthropogenic global temperature change,

being a natural phenomenon, could be a perfectly

viable cause of sea level change.

4. Discussion

[23] The best-fitting curve through the data shown

in Figure 1 has the form

P ¼ 10�4f �2;

where P is the power in m2/cpy and f is in cpy.

There are several spectrally narrow causes for some

0 500 1000 1500 2000 2500 3000
Number of Data used in Analysis
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100
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V
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Random Numbers (-1 to +1)

-1 or +1
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Figure 10. True variance of signal according to number of data used to generate the signal. This is the average of 40
different renditions and shows very smooth increase of variance with record length, compared with Figure 9.

(2)
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of the sea level variation shown in Figure 1. For

instance tidal variations have specific periods.

Also, the Milankovitch theory of ice ages predicts

that the sea level variations caused by these ice

ages should have specific frequencies, which can

be seen in the tuned SPECMAP time series.

Various nonperiodic oceanographic parameters

such as intensity changes of geostrophic currents

can also cause sea level changes toward the high

frequency end of the scale shown in Figure 1.

Atmospheric effects are also important nonperiodic

forcings at the high frequency end of the scale. At

the low frequency end of the timescale, many

factors may contribute, including ridge crest

volume, ice volume, hot spot activity that can

cause both eustatic and epeirogenic effects,

changes in continental and oceanic area due to

continental collisions and continental breakup,

ocean water temperature changes and sediment

volume effects [Harrison, 1988, 1999]. Most of

these are internally generated factors. However,

because of the regular nature of the spectrum,

excluding the peaks at specific frequencies whose

causes are usually known, there may be a more

general cause for the distributed spectrum at the

low frequency end. Changes in dynamic topogra-

phy, caused by variations in asthenospheric con-

vection current patterns, can cause surface

topography changes resulting in sea level variations

[Lithgow-Bertelloni and Gurnis, 1997; Gurnis,

2001]. Another cause of epeirogenic vertical

movement may be temperature changes at the base

of the lithosphere [Harrison, 1988]. These will

cause the lithosphere to change its temperature,

resulting in expansion or contraction of lithospheric

thickness, and a change in the position of the

lithospheric surface. In this section, I discuss this as

a possible cause for some of the sea level changes

and investigate the temperature changes necessary

to give the observed slope to the sea level power

spectrum, without implying that this is the only

phenomenon causing these sea level changes.

[24] For one-dimensional heat flow and no heat

sources, the diffusion equation is

@2T

@z2
¼ 1

k
@T

@t
;

where T is the temperature, t is the time, k is the

thermal diffusivity, and z is the distance upward

from the bottom of the lithosphere. A solution that

has sinusoidally varying temperature at the bottom

of the lithosphere is given by the following

equations.

T ¼ T0 exp �kzð Þcos wt � kzð Þ;

where

w ¼ 2p f

3:16� 107

and

k ¼
ffiffiffiffiffi
w
2k

r
:

[25] In these equations, T0 is the amplitude of the

temperature signal at the bottom of the lithosphere,

w is the angular frequency (s�1), k is the wave-

number of the vertical variation of temperature

within the lithosphere (m�1), and f is the frequency

in cpy [Garland, 1979]. The thermal expansion of

the lithosphere is then given by

Dz ¼
Z L

0

aTdz;

where L is the lithospheric thickness and a is the

volume coefficient of thermal expansion. Provided

that L � 1/k, which given a lithospheric thickness

of 125 km means a period t � 2000 Ma, the

approximate solution to equation (7), putting L =

1, is

Dz ¼ aT0
2k

sin wt þ cos wtð Þ:

The amplitude of the elevation change is therefore

equal to

Az ¼
aT0ffiffiffi
2

p
k
:

For a thermal diffusivity of 8.3 � 10�7m2s�1 and a

volume thermal expansion coefficient of 3.35 �
10�5 �K�1, the power of the elevation change

(0.5Az
2) is

PAz
¼ 2:342� 10�9T 2

0

f
(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)
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This can then be equated with equation (2) and

integrated over any frequency range to determine

the total temperature variation.

PT0 ¼
42700

f
�K2

f1Tf2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
42700 loge

f2

f1

� �s
�K :

In equation 11, PT0
is the power in the temperature

signal as a function of frequency f. The temperature

therefore has a spectral index of �1 and is similar

to flicker noise [Mao et al., 1999]. In equation (12)

the expression is for the rms temperature signal

from frequency f1 to f2. Thus even over three

decades of frequency, the signal is only � 540�K.
Other sources of relative sea level change will

reduce this number. For instance, the tidal and ice

age signals, as well as the other causes mentioned

above, will reduce the magnitude of this tempera-

ture signal. At very long periods it seems likely that

epeirogenic motions are caused by dynamic topo-

graphic changes [Gurnis, 1993; Hager et al., 1985].

However, there are postulated to be significant

temperature changes which could occur at the

bottom of the lithosphere [Gurnis, 1988; Glatzma-

ier and Schubert, 1993], and these could be some

of the driving influences on the relative sea level

power spectrum discussed in this paper. In some of

the models of Glatzmaier and Schubert [1993] the

temperature variations at a relative radius of 0.95

appear to be plus or minus several hundred degrees

Kelvin, so the 540�K number quoted above seems

reasonable.

[26] Hsui et al. [1993] have discussed fractal anal-

yses and power spectra of several sea level change

signals. They used mostly the Hurst index, which is

related to the spectral index by the equation b =

2Hu � 1, where �b is the spectral index and Hu is

the Hurst index [Turcotte, 1997, equation 7.61].

However, Turcotte has shown that this equation is

only useful for a small range of the Hurst index. In

particular, when b is greater than �0.85, the Hurst

index starts to saturate and does not grow much

above 1 even for b values of 3. For four of the data

sets analyzed by Hsui et al., the Hurst indices were

close to 1, and so it is not possible to determine

accurately the spectral index of these four records

by using the Hurst index in Hsui et al. However,

one record, which had a Hurst index of 0.92, was

also analyzed spectrally, giving a b value of 1.5,

considerably greater than the value that is calcu-

lated using the equation (0.84). This record was

ostensibly a 30 Ma record of sea level developed

from sedimentary sequences published by Haq et

al. [1988], but the power spectrum given in the

paper showed a record length of 15 Ma and a

Nyquist period of 500 ka.

[27] Gauthier [1999] has produced power spectra

for several different types of climatic proxy

records. A tree ring growth index spectrum for an

8000-year record showed an almost white spectrum

(but note that more recent analyses have shown

different behavior). Oxygen isotopic records from

an ice core (periods between 350 years to 250 ka)

show a spectrum with a spectral index of about

�1.1, which may be on the shallow side if aliasing

has taken place. Results from the Devils Hole

calcite (periods between 3 ka and 500 ka) showed

a spectral index of about �2.1.

[28] Courtillot and Le Mouël [1988] have produced

a schematic power spectrum for the geomagnetic

field that extends over 12 decades of frequency,

with periods ranging from 36 s to 30,000 years.

This spectrum is also generally a 1/f 2 spectrum.

Just as in the sea level spectrum, there are many

different causes for the geomagnetic field spectrum.

At the high frequency end, the causes are usually

external to the Earth, whereas at the low frequency

end, internal phenomena such as polar wander,

continental drift, reversals and secular variation,

are more important.

[29] Avnir et al. [1997] surveyed seven years of the

Physical Review and Physical Review Letters and

found 95 studies in which the logarithm of power

was linearly related to the logarithm of frequency or

wave number. The maximum frequency range was

between 2.7 and 3 decades for the two studies that

showed the greatest frequency range. Radlinski et

al. [1999] have presented neutron and X-ray scatter-

ing data showing that rocks are fractal in nature over

at least 3 orders of magnitude, implying that this is

close to the maximum limit likely to be observed.

(11)

(12)
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For a power spectrum with a spectral index of �2,

the fractal dimension is 1.5 [Turcotte, 1997].

[30] This paper has shown that sea level is approx-

imately fractal over 12 orders of magnitude. I await

claims of fractal nature over more decades than this!

5. Conclusions

[31] Sea level change has been studied by deter-

mining the Fourier power spectra of various differ-

ent types of record. The periods examined ranged

from 591 Ma down to 5 s, a range of �15.5 orders

of magnitude. At the long period end of the record,

results were obtained from sea level curves derived

from continental margin sedimentary cycles, flood-

ing estimates of continents by marine waters, the

SPECMAP oxygen isotope signal transferred to sea

level variations estimates, and some other observa-

tions. At the short period end of the scale, results

were obtained from tide gauges and from previ-

ously published water pressure measurements.

Over much of this range of periods, the spectrum

had a spectral index of about �2 and is therefore

equivalent to a spectrum produced by a random

walk phenomenon. In particular there is a 1/f 2

variation between periods of about 600 Ma and

100 a (the slope of log(power) versus log(fre-

quency) = �2). Here the spectrum flattens out

and varies by 1/
p
f for about two decades of period,

down to about a period of a year. Here the spectrum

again slopes down with a slope considerably less

than �1 until it flattens out again at a period of

about an hour, where wave action becomes the

dominant cause of sea level variation, creating a

peak in the spectrum at a period of �10 s. Many

different phenomena can affect sea level over such

a wide range of period, such as epeirogenic

motions of the continents, secular changes in ocean

basin volume produced by sea floor spreading,

continental collision, and other effects. Over

shorter periods ice age periodicities suggested by

the Milankovitch theory of ice ages is an obvious

cause, as well as aperiodic causes such as ocean

currents. At shorter timescales yet, tidal effects are

important, and waves become dominant at the

shortest periods. One possible cause of epeirogenic

change examined in greater detail was the effect

caused by heating and cooling of the bottom of the

continental lithosphere by the variable temperature

within the asthenosphere below it. Temperature

changes necessary to produce the observed signal

of relative sea level change appear to be reasonable.

Signals similar to those studied in this paper

frequently do surprising things when longer records

are obtained. As the record length becomes longer,

signals of greater period, with much larger ampli-

tudes, start to become important. This means that it

is difficult or impossible to judge whether a specific

signal variation not seen before in a shorter record

is part of the natural variation or whether it may be

a new type of signal produced by human activity.
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