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Abstract

The empirical time complexities of several algorithms for finding
the Length of Longest Common Subsequence (LLCS) and the ac-
tual Longest Common Subsequence (LCS) of two sequences are ex-
amined. These algorithms include a naive recursive algorithm, a re-
cursive method with memoization, dynamic programming, and the
Hirschberg LCS algorithm [3]. The empirical time complexities are
compared to theoretical time complexities in order to find the “hid-
den” constant ignored by the theoretical limits. Further, the effects
of sequence structure and alphabet size on empirical time complexity
are examined.

Longest Common Subsequence

Informally, a subsequence of a sequence is simply that sequence with zero
or more elements left out. Formally, as defined by [1], given a sequence
X = (x1,9,...,%,) another sequence Z = (z1, 23, ..., 2;) 18 a subsequence



of X is there exists a strictly increasing sequence of (i, s, ..., ) of indices
of X such that for all j =1,2,...,k, we have z; = ;.

Given two sequences X and Y, a third sequence Z is a common sub-
sequence of X and Y if it is a subsequence of both X and Y. Z is the
longest common subsequence (LCS) of X and Y if there is no other common
subsequence of X and Y longer than Z.

The longest common subsequence problem is as follows: given two se-
quences X and Y, find the LCS of X and Y. The length of the LCS is
referred to as the LLCS throughout this paper. As will be shown later, the
problem of finding the LCS of two sequences is significantly more difficult
than simply finding the LLCS of two sequences.

For example: given the sequences X = (A, C,G,T,G,A,C,T) and Y =
(G,A,C,T,A,G,T), the LLCS of X and Y is 5 and the an LCS of X and
Y is (A,C,T,G,T). Note that two sequences may have more than one LCS.
The sequence (A, C, T, A,T) is also an LCS of X and Y having a length of
5.

The LCS of two sequences is one measure of how similar the two sequences
are to each other. Algorithms solving the LCS problem are often used in
applications that require a measure of similarity, such as:

e Biological applications comparing DNA strands, which are sequences
of the four bases represented by A, C, T, and G.

e The Unix utility diff, which reports the differences between two files,
expressed as a minimal list of line changes to bring either file into
agreement with the other [4]. Here, the lines are treated as complex
elements in a sequence of lines.

2 Algorithms to Compute the LLCS

All algorithms for computing the LCS of two sequences are based on the
following theorem (from [1]).

Theorem 1 (optimal substructure of an LCS)

Let X = (x1,29,...,2n) and Y = (y1,y2,...,ys) be sequences, and let
Z =(z1,29,...,2) be any LCS of X and Y.

1. If z,, =y, then 2, =z, =y, and Z,_; is an LCS of X,,_; and Y,,_1.
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2. If x,, # y, then 2, # x,, implies that Z is an LCS of X, ; and Y.

3. If x,,, # y, then 2, # y, implies that Z is an LCS of X and Y,,_;.

2.1 Naive Recursive Algorithm

The most straightforward algorithm based on Theorem 1 is a recursive one,
corresponding the following formula.

Given two sequences X and Y, let X; and Y; be prefixes of X and Y
containing i and j elements, respectively. Let c[i, j], the LLCS of X; and Y;
be defined as follows:

0 ifit=0o0rj=0,
cli, j] = cfi-1,j-1] + 1 if4,j > 0 and z; = yj,
mazx(cfi, j-1] c[i-1, j]) if 4,7 > 0 and z; # y;.

A simple implementation of this function will yield an exponential number
of recursive calls and therefore an exponential time algorithm, with time
complexity O(2™), or O(2"’) if m = n. An improvement can be made by
memoizing, or remembering, the results of the recursive sub-problems.

2.2 Recursion with Memoization

Because the recursive function takes as arguments ¢ and j, with ranges of
[0,m] and [0, n| respectively, there are (m + 1)(n + 1) possible subproblems.
If the recursive algorithm is computing on the order of 2™" subproblems
many are computed several times. By creating a lookup table to store the
answers, these re-computations can be avoided. Whenever the function is
called recursively it will simply check the lookup table to see if the current
subproblem has been computed before. If it has the value is returned, if not
the value is calculated, stored in the lookup table, and returned.

The memoizing LLCS algorithm is called once initially and at most twice
for each possible subproblem, yielding at most 2(m + 1)(n+ 1) + 1 calls and
time O(mn) [2].

This polynomial time upper bound is significantly better than the expo-
nential time upper bound of the naive recursive algorithm.



2.3 Dynamic Programming

The memoizing recursive approach is considered “top-down” in that it waits
until a result is needed to compute and store the value. A “bottom-up”
dynamic programming approach will compute all of the subproblems, starting
with the simplest and working towards the final solution.

A table, ¢, of size (m + 1) by (n + 1) holds the LLCS of all X; and Y]
pairs. Each of the cells is computed in row order according to Theorem 1.
So, the value of any cell, ¢[i, j] depends only on three other cells, c[i—1, j —1],
cli —1,7], and c[i, j — 1]. The value at ¢[m, n] will hold the LLCS of X and
Y.

When finding only the LLCS of the two sequences, the dynamic pro-
gramming method can easily be made to run in linear space. Because the
computation of one row of the dynamic programming table depends only
on the previous row, any row can be discarded after the next row is com-
puted. However, this task is more difficult when computing the LCS of two
sequences. In this case, a second table, b, is used to define a “path” from
b[m,n| to a cell on b0, n] or bjm, 0]. The path from a cell, bz, j], will lead to
the subproblem that it’s value was computed from, either b[i — 1,5 — 1] in
the case of a match between X; and Y}, or bi — 1, 5] or b[z, 7 — 1] in the case
that they do not match. Because this full table is needed for LCS recovery
the dynamic programming method will use 6(mn) space.

2.4 Hirschberg’s LCS Algorithm

Hirschberg’s LCS Algorithm [3] runs in time O(mn) and space O(m + n).
This is achieved using methods significantly more complicated than the previ-
ous three LLCS and LCS algorithms, but achieves an important reduction in
space complexity without an asymptotically significant increase in time com-
plexity. There is an increase in the practical time needed for Hirschberg’s
LCS algorithm over the dynamic programming LCS algorithm, but for large
inputs the reduction in space usage becomes necessary.



3 Empirical Results

3.1 Environment

All code was written in C++ and compiled with cc using the -03 flag.
All experiments were executed on a Sun Ultra-80 with four US-II 450 MHz
processors and 4096 Megabytes of main memory (only one processor was
utilized at any time). All time measurements are for the actual CPU time
used by a process in computing an LLCS or LCS.

3.2 Experiments

Each of the four algorithms presented previously were implemented to find
both the LCS and LLCS of two given sequences. Each method, for both
LCS and LLCS, was tested for input sizes ranging from 10 to 20,000. Those
methods that could not complete large inputs, such as the naive recursive
algorithm, were constrained to relatively small inputs.

To better achieve an “average case” running time, each method was tested
at each size for five different random input sequences and the average over
these five runs was recorded. This averaging is particularly important with
the naive recursive algorithm due to the dramatic affect the structure of the
input sequences has on computation time.

Further, to improve the accuracy of timing on very small inputs, those
experiments that took less than 1 second to complete were repeated until a
full second of computing time was consumed and the average time to complete
one LCS or LLCS was recorded.

The empirical results here offer the following:
1. A comparison of the time complexities of each method.

2. A comparison of each method’s observed time complexity with their
theoretical time complexity, yielding a value for the constant multiplier
not provided by asymptotic formulas.

3. An examination of the affect of various alphabet sizes on the observed
time complexity of each method.

4. An examination of the differences in time complexities when computing
either the LCS or LLCS of two sequences for each method.



5. An examination of running times when using sequences of differing
lengths.

6. An examination of the relationship between the number of recursive
calls made and the running time in the naive recursive algorithm.

7. A measure of the increase in time complexity when using Hirschberg’s
LCS algorithm to decrease space complexity to O(m + n).

3.3 One Minute/Hour Marks

As an intuitive measure of the time efficiency of each algorithm, figure 1
shows the largest inputs an LLCS can be found for in one minute and one
hour by each method. The input size listed applies to both inputs, X and
Y, which are of equal length in this experiment.

LLCS Method One Minute One Hour
Naive Recursion 32 42
Memoization 11,300 87,560
Hirschberg’s 17,000 131,720
Dynamic Programming 25,340 196,270

Figure 1: Largest inputs an LLCS can be found for in one minute and one
hour by each method.Input sizes are for both input sequences.

3.4 Observed Running Times for LLCS Algorithms

Figure 2 shows the observed running times for algorithms computing the
LLCS of two sequences, including naive recursion, memoization, and dy-
namic programming. The two quadratic algorithms, memoization and dy-
namic programming, are obviously superior to the exponential time recursive
method, which appears as a near vertical line on the left side of the graph.

3.5 Empirical and Theoretical Time Complexities

Figures 3, 4, 5, and 6 show the observed running times of each LLCS method
(along with Hirschberg’s LCS method) compared with a closest fit line cor-
responding to the theoretical time complexities of each algorithm with a
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Figure 2: Observed running times for three LLCS algorithms for various

input sizes. In each case both inputs are of the same size.

constant multiplier. The observed time complexities for each algorithm are

shown in figure 7.

The large error between the theoretical and observed time complexities
of the recursive method are due to the fact that the running time of that
algorithm depends on the number of recursive calls made, which is a function
of the structure of the sequences, not simply the lengths of them. Later on
the relationship between the number of recursive calls and the running time

will be explored.

3.6 Effects of Alphabet Size on Running Times

In this work, alphabets are assumed to be small, in this case having either
2 or 4 elements. This is because one of the main application area of LCS
algorithms at this point is in determining the level of similarity of two DNA
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Comparison of Dynamic Programming LLCS to O(nz)
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Figure 5: Observed and theoretical time complexities of dynamic program-
ming LLCS

Comparison of Hirschberg LCS Algorithm to O(nz)
90

o Hirschberg Algorthm
o n?/482x10°
80

701

60

o
S
T

Time (seconds)
F
S
T

w
S
T

20

o L L L L L Il Il Il J
0 0.2 04 0.6 0.8 1 12 14 16 18 2
Input Size (number of characters) % 10"

Figure 6: Observed and theoretical time complexities of Hirschberg’s LCS



Method Observed Time Complexity
Naive Recursion LLCS 27 /108
Memoization LLCS n?/2.13 x 10°
Dynamic Programming LLCS n?/1.07 x 107
Hirschberg’s LCS n?/4.82 x 10°

Figure 7: Observed time complexities of LCS algorithms.

sequences, made up of bases represented by the alphabet {A, C,T,G}. Fig-
ures 8, 9, 10 show the running times of each LLCS algorithm in the cases of
using alphabets of size 2 and 4. Because the running time of the recursive
and memoized version of the algorithm depend directly on the number of re-
cursive calls made they are more heavily affected by a larger alphabet. This
is due to the fact that every time there is a mismatch between element X; and
Y; two recursive calls are made, whereas when they match only one recursive
call is made. With a larger alphabet, when using random sequences as is
done here, the number of mismatches will increase as the size of the alphabet
increases. The dynamic programming method is not significantly affected by
alphabet size because it will compute O(mn) subproblems independent of
the structure of the sequences.

3.7 Running Times of LLCS and LCS

Finding the LLCS (length of the longest common subsequence) is an eas-
ier task than finding an actual LCS. In terms of implemented algorithms,
much of the increase in running time is due to the extra string or sequence
manipulation routines necessary to construct the subsequence (this is easily
determined by using a code profiler, such as gprof).

Additionally, when using dynamic programming, it is relatively easy to
construct a linear space algorithm to find the LLCS of two sequences, but
considerably more difficult to reconstruct an actual LCS of the sequences in
linear space (which is the purpose of Hirschberg’s algorithm).

Figures 11, 12, 13 show the increases in running time of the recursive,
memoized, and dynamic programming algorithms when reconstructing an
LCS instead of simply finding the LLCS.
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Comparison of Naive Recursive LLCS for Alphabets of size 2 and 4
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Figure 8: Running time of recursive LLCS algorithm when using an alphabet
of size 2 or 4.

3.8 Uneven Input Sequences

Throughout this paper the time complexities of the various LLCS and LCS
algorithms has been put in terms of n. This holds true when both input
sequences are of the same length. More accurately, the running times are
in terms of m and n. For example, the theoretical time complexity of the
memoized, dynamic programming, and Hirschberg LCS algorithms are all
O(mn). Figure 14 shows the running times of the dynamic programming
LLCS algorithm with one input sequence fixed to size 100 while the other
input sequence ranges from 10 to 20,000 characters. As expected this yields
a linear relationship between n and the running time.

3.9 Recursive Calls and Running Time

As mentioned previously, the running time of the recursive LLCS and LCS
algorithm depends heavily on the number of recursive calls made in the pro-
cess. This, in turn, depends on the structure of the sequences. Figure 15
shows the relationship between the number of recursive calls made and the
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Figure 9: Running time of memoized LLCS algorithm when using an alpha-
bet of size 2 or 4.

running time. As expected, the relationship is linear as each call takes con-
stant time.

3.10 Running Time Cost of Linear Space LCS

Hirschberg’s LCS algorithm provides an important reduction in space re-
quirements over the O(mn) space requirements of the plain dynamic pro-
gramming LCS methods. The added complexity of the algorithm, however,
does increase running time by a constant factor. Figure 16 shows this in-
crease, which was found to be a factor of 1.41. This is certainly an acceptable
increase when dealing with very large pairs of sequences that would cause
the dynamic programming table to exceed the memory capacities of most
machines.
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Comparison of Dynamic Programming LLCS for Alphabets of size 2 and 4
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Figure 10: Running time of dynamic programming LLCS algorithm when
using an alphabet of size 2 or 4.
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Figure 11: Running times of recursive algorithm for LLCS and LCS
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Comparison of Recursion with Memoization LLCS and LCS
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Figure 12: Running times of memoized algorithm for LL.CS and LCS
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Figure 13: Running times of dynamic programming algorithm for LLCS and
LCS
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Time for Dynamic Programming LLCS with One Input of Constant Length
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Figure 14: Running times of dynamic programming LLCS algorithm with
one input fixed to size 100.
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Figure 15: Relationship between the number of recursive calls made and the
running time of the naive recursive LLCS algorithm.
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Time Comparison of Dynamic Programming LCS and Hirschberg LCS Algorithm
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Figure 16: Comparison of observed time complexities of the dynamic pro-
gramming LCS algorithm and Hirschberg’s linear space LCS algorithm. The
increase in time complexity of Hirschberg’s LCS was found to be 1.41 over
dynamic programming.
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